MATH 4630 Chapter 2: Sequences and Series

Properties of Infinite Series

So far, we have developed powerful tools for sequences. Now we turn to infinite series again —
sums of infinitely many real numbers. This handout develops the core toolkit — algebraic rules,
convergence tests, and the distinction between absolute and conditional convergence — which
leads to one of the most striking theorems in all of real analysis.

Question: Consider the alternating harmonic series

1 1 n 1 1 n 1
2 3 4 5
Compute the first several partial sums:
n | Sp
111
1_
2 — 5 =0.500
3] 1—-3+3~0.833
1,11
41 1-5+3—7~0583
5| =~0.783
6 | ~0.617
7 | ~0.760
8 | ~0.635

Now consider the rearrangement:

1+ L1 + = + L2 +
3 2 5 7 4
Does this rearrangement converge to the same L7 To a different value? To anything

at all?
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Recall Infinite Series:

)
Given Z ay, we always track two sequences:
k=1
Sequence of terms Sequence of partial sums
(a1,a2,as,...) Sp=ai+as+ - +a
The “ingredients” The “running totals”

o0
Definition: We say Z ar = A if and only if lim s, =
k:1 n—oo

Example 1. Does the series converge or diverge?

=1
1. Zﬁ 2.

k=1

NE
Sl-

e
Il
—

Algebraic Rules for Series:

Theorem 1. If Zak = A and Zbk = B, then:

k=1 k=1
(i) ank =cA forall ceR, and
k=1

(ii) Z(ak + bk) = A+ B.
k=1

Proof of (ii). Let s, = a1 + a2+ - -+ a, and t, = by + ba + - - - + b, be the partial sums of
o o

Z ap and Z by, respectively.
k=1 k=1

o
Let u,, denote the n-th partial sum of Z(ak + bg). Then:

k=1
n
un = 3 ay 4 by) =
k=1
oo
Since Z ar = A, we know nh—>I20 Sp =
k=1
oo
Since Z b = B, we know nh_)rrolo th, =
k=1
Therefore:
lim u, = lim (s, +t,) = + = 4
n—oo n—o0
where the last step follows from of limits. O
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The Cauchy Criterion for Series:

Because convergence of a series means convergence of its partial sums, the Cauchy Criterion for
sequences immediately yields a criterion for series.

oo

Theorem 2 (Cauchy Criterion for Series). The series Z ay, converges if and only if, for every

k=1
€ > 0, there exists N € N such that whenever n > m > N, it follows that

|ams1 + Gmaz + -+ an| <e.

o0
Proof Sketch: Recall that Z ay converges if and only if the sequence of partial sums (sy,) is
k=1

Write the definition of the sequence (s, ) being Cauchy.

Now expand |s,, — $;,|. By definition of partial sums, for n > m:

Sn—Sm — = =
Therefore:
Sp — Sm| =
Putting this together:
o0
(=) Suppose Zak converges. Then (s,) converges, hence (s;) is . Therefore for

i=1
every € > 0, there exists N such that n > m > N implies |s,, — s;,| < €, which means:

(«<=) Suppose for every € > 0 there exists N such that n > m > N implies |am4+1+- - +an| < €.

Then |s, — sm| < €, so (s,) is . By the Cauchy Criterion for sequences, (s;)
oo

, and therefore Z ap converges. ([l
k=1

The Divergence Test:

[e.e]
Theorem 3. If Zak converges, then (ax) — 0.
k=1

Proof Sketch:

(0.]
Suppose Zak converges. Then the sequence of partial sums (s, ) converges to some limit A.

k=1
This means:

lim s, = and also lim s,_1 =
n—00 n—oo

3
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Now write a,, in terms of partial sums. Note that:

Qp = Sp —
Therefore:
lim a, = lim (s, — $p—1) = — =
n—oo n—oo
where we used of limits. O
o
Important Remark. The converse is false. Give an example of a series g ay where ap, — 0
n=1

but the series diverges:

Example 2: Use the Term Test to determine whether each series could converge (C) or defi-
nitely diverges (D). Explain.

(a) Z nj— 1 - (c) Z:l sin(n) -

Comparison Test:

Theorem 4 (Comparison Test). Assume (ag) and (by) satisfy 0 < ay < by for all k € N.

o0 o0
(i) If Z by, converges, then Zak converges.
k=1 k=1

o0 o
(i) If Z ay, diverges, then Z by, diverges.
k=1 k=1

Proof Sketch.

n n [o¢] o0
Let s, = Z ap and t, = Z by, be the partial sums of Z a and Z by, respectively.
k=1 k=1 k=1 k=1
Since 0 < ag < by, for all k, what can you say about the relationship between s, and ¢,7

Sn t, for alln € N.

Explain why both sequences (s,) and (¢,) are monotone and bounded.
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Proof of (i). Since, the sequence (s,) is monotone increasing and . By the
o
Monotone Convergence Theorem, (s,) converges, and therefore Z ag . O
k=1
Proof of (ii). Notice that (ii) is simply the of (i).
So (ii) requires no additional work — it follows immediately from (i). O
oo
Geometric Series: The series Z ar® converges if and only if , with sum
k=0

o0
Example 3: Does Z converge?
n=1

— 2" +n

Absolute vs. Conditional Convergence:

This is one of the most important distinctions in all of series theory.

o0 oo
Theorem 5 (Absolute Convergence Test). If Z |a,| converges, then Z ay, converges as well.

n=1 n=1

[e.9]
Proof Sketch. Let Z |an| be a convergent series. Then the partial sum sequence

n=1
(8m) =

converges and hence is Cauchy.

Write what it means to say that the sequence (s,,) is Cauchy.
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oo
Use the triangle inequality to show that the partial sum sequence for the series Z an is Cauchy,

n=1

o0
and conclude that Z an converges.

n=1

oo
Therefore Z a, converges. U

n=1

The Alternating Series Test:

Many naturally occurring series have alternating signs. The following test handles this case
elegantly.

Theorem 6 (Alternating Series Test). Let (ay) be a sequence satisfying:
(i) a1 >az > a3z >---, and

(i) (an) — 0.

oo
Then Z(—l)"“an converges.
n=1

Geometric intuition: The partial sums “zigzag” toward the limit.

L

The even partial sums form an sequence; the odd partial sums form a
sequence. They squeeze toward the same limit.

oo
Proof Sketch. Let s, denote the n-th partial sum of Z(—l)"“an, that is:

n=1

n

Sn = Z(_l)kJrlak = a1 — ay =+ as — - + (_1)n+1an‘
k=1

We will prove this theorem in steps.
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Observation: The hypotheses of the theorem state that (a,) is decreasing and a, — 0.
Non-negativity a, > 0 is not explicitly assumed, but explain below why it follows from the two
given conditions.

Step 1. Show that the sequence (say,) is increasing.

Step 2. Show that the sequence (s2,) is bounded above.

Step 3. By the Theorem, (s2,) — L for some L € R.

Show that (s2,+1) also converges to L.

Conclude that (s,) — L as n — oo.

oo
Therefore Z(—l)”“an converges. O

n=1
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Rearrangements:

Now we can return to the question at the start of this handout.

Theorem 7 (Rearrangement Theorem). If a series converges absolutely, then any rearrange-
ment of the series converges to the same limit.

The Big Picture — How all the tools connect:

for Sequences

— .

[ Cauchy Crite- J [ Monotone }

rion for Series Conv. Theorem

!

{ Cauchy Criterion }

\4

Comparison, :
Absolute Conv., Altgrnatmg
Term Tests Series Test
A e

Rearrangement Theorem
(absolute conver-
gence is the key)

Activity

Exercise 1. For each series, determine convergence or divergence. State which test you use and
verify its hypotheses. For the series in part (b), does it converge absolutely or conditionally?

0 n2 & (_1)n+1
(a) Zlng_H (b) Zl\/ﬁ

oo o0
Exercise 2. Suppose Z ar = A and Z by, diverges.
k=1 k=1

o0
(a) What can you conclude about Z(ak + bi)? Prove your claim.
k=1

[e.e]
(b) Is it possible for Z apby to converge? Give an example or prove impossibility.
k=1



