
Introduction
Preliminaries

Projections as Averages of Isometries & Reflections
Ongoing and Future Plans

Projections in the Combination of Operators of Finite
Orders

Priyadarshi Dey

Department of Mathematics & Statistics
Kenyon College

New Faces in Operator Theory & Function Theory
Joint Mathematics Meetings 2024

Priyadarshi Dey Projections in combinations of finite order operators



Introduction
Preliminaries

Projections as Averages of Isometries & Reflections
Ongoing and Future Plans

Outline

1 Introduction

2 Preliminaries

3 Projections as Averages of Isometries & Reflections

4 Ongoing and Future Plans

Priyadarshi Dey Projections in combinations of finite order operators



Introduction
Preliminaries

Projections as Averages of Isometries & Reflections
Ongoing and Future Plans

Why Study Projections and Isometries?

Projections are operators with a simple spectral structure
(eigenvalues 0 and 1 only) and easy to understand.

Projections are the building blocks of many other operators (e.g.,
Spectral theorem for compact self-adjoint operators). Orthogonal
projections have applications in linear regression, multivariate
distributions, QR decomposition, etc.

Isometries are distance-preserving maps. They are the
“isomorphisms” of metric spaces and preserve many interesting
properties.

Isometries and projections are interconnected.
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Definitions & Examples

Definition (Isometry)

Given two normed spaces X and Y , a (linear) map T : X → Y is an
isometry if

∥Tx∥ = ∥x∥ for every x ∈ X .

Example

The map T : C → C given by T (z) = z . Isometries need not be linear!
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Projections & Reflections

Definition (Projection operator)

A (bounded) operator P : X → X is a projection if P2 = P.

Definition (Reflection operator)

An operator R : X → X is a reflection if R2 = I .
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Creating Projections from Reflections

Example

Consider R3 with the norm ∥(x1, x2, x3)∥∞ = max{|x1|, |x2|, |x3|}.

Define
R : R3 → R3 by R(x1, x2, x3) = (x2, x1, x3).

R2 = I

R is an isometry.

Define P(x1, x2, x3) =
1
2(I + R)(x1, x2, x3) =

1
2(x1 + x2, x1 + x2, 2x3). P

is a projection!
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An Example in the Infinite-Dimensional World

Example

Consider C [0, 1] with ∥f ∥∞ = maxt∈[0,1] |f (t)|.

Define R : C [0, 1] → C [0, 1] by
Rf (t) = f (1− t). It is easy to check R2 = I and R is an isometry. Define
P(f ) = 1

2 (f + Rf ) = 1
2 (f (t) + f (1− t)). Again, P is a projection!

Remark

In general, if R is an isometry and a reflection, then P = 1
2 (I + R) is a

projection.
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The Converse Question

We ask:

Does every projection P : X → X have the form 1
2(I + R) for some

isometric reflection R?

The converse is not true!

Consider P : R3 → R3 (with ∥ · ∥∞) defined by
P(x1, x2, x3) = (x1 + x2, 0, x3). P is a projection. If P = 1

2(I + R), then
R(x1, x2, x3) = (x1 + 2x2,−x2, x3), which is not an isometry —
contradiction.
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Projections as a Combination of Two Isometries

(Botelho–Dey–Easley, 2023) For two isometries T0 and T1 on
a Banach space X , consider Q = λ0T0 + λ1T1 (Q ̸= I ) with

λ0, λ1 > 0 and λ0+λ1 = 1. If Q is a projection, then λ0 = λ1 =
1

2
.
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Projections in the Convex Hull of Operators of Finite Order

(Botelho–Dey–Easley, 2023) For an operator T of order n (i.e., T n =
I ), and positive scalars λ0, λ1, . . . , λn−1 with

∑
λi = 1, consider

Q = λ0I + λ1T + λ2T
2 + · · ·+ λn−1T

n−1.

Then Q is a projection if and only if λ0 = λ1 = · · · = λn−1 =
1

n
.
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Future Work: The n-Potent Case

For an operator T with T n = T , and scalars a1, a2, . . . , an−1, consider

Q = a1T + a2T
2 + · · ·+ an−1T

n−1.

For what values of the scalars a1, a2, . . . , an−1 is Q a projection?

Definition

An operator T is said to be n-potent if T n = T .
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For n = 2 and Beyond — Ongoing Project

For n = 2, let T 2 = T . Then Q = a1T is a projection if and only if a1 = 0 or a1 = 1.
The only projections are Q = 0 or Q = T .

n = 2 Comments
0 “trivial projection”
T “basic projection”
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For n = 3

For n = 3, let T 3 = T . Then Q = a1T + a2T
2 is a projection if

and only if Q ∈
{
0, T 2,

T + T 2

2
,
−T + T 2

2

}
.

n = 3 Comments

0 “trivial projection”
T + T 2

2
,
−T + T 2

2
“basic projections”

T 2 sum of basic projections
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Basic Projections and the General Pattern

Definition (Basic projection)

Let T k+1 = T and let λ be a k-th root of unity. The projection

Qλ =
1

k

k∑
i=1

λ−iT i

is called a basic projection.

For n

# Expression Type
1 0 trivial

2 1
3
(T + T 2 + T 3) basic

3 1
3
(ωT + ω2T 2 + T 3) basic

4 1
3
(ω2T + ωT 2 + T 3) basic

5 αT + βT 2 + 2
3
T 3 #2+#3

6 βT + αT 2 + 2
3
T 3 #2+#4

7 1
3
(−T − T 2 + 2T 3) #3+#4

8 T 3 sum of all basic

α = 1+
√
3i

6
, β = 1−

√
3i

6
, ω = −1+

√
3i

2
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The General Open Question (Now Resolved!)

Open question at the time

For an n-potent operator T (i.e., T n = T ), is it possible to clas-
sify all projections in span{T ,T 2, . . . ,T n−1} via the “basic projec-
tions”?

Answer (Dey–Easley–Monika 2025)

Yes! Every projection in comb(T ) is a sum of basic (Riesz) pro-
jections, uniquely indexed by a subset S ⊆ σ(T ) \ {0}, forming a
Boolean algebra with 2|σ0(T )| elements.

See arXiv:2512.22497.
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Thank You!

Questions?

Projections in the Combination of Operators of Finite Orders

Joint Mathematics Meetings 2024, San Francisco, CA
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